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Monitoring vehicular traffic (2008)

MOBILE CENTURY - Using GPS Mobile
Phones as Traff/c Sensors

Daniel Work, Olli-Pekka Tossavainen, Alexandre Bayen
Systems Engineering, UC Berkeley
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2018:
Controlling traffic with CAVs?
(microscopic level)



Control of Newtonian systems
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the system will converge to a consensus
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Particle systems. Reynolds, Vicsek, Ben-Jacob et al, Krause, Couzin, Helbing, ...
Degond, Motsch, Carrillo, Fornasier, Toscani, Figalli, ...



Are we reinventing the wheel?

Control affine system: x = f(x) + > . u;g:(x) = f(x) + G(x)u
such that x = f(x) admits Lyapunov function, then
Jurjevid-Quinn feedback is:

u(x) = —a (VV(x) - G(x))".

Bacciotti-Ceragioli, ESAIM:COCV 1999.
Stability of x € F(x) for V only continuous, F u.s.c. with
nonempty compact convex values.

Set valued derivatives
VEx)={acR:Iv e F(x)st.p-v=a, pc oV(x)}

Stabilization to the set Z, = {x : 0 € V¥(x)} under suitable
conditions with Jurdjevic-Quinn feedback.

Other results in:
A. Bacciotti and L. Rosier, Liapunov Functions and
Stability in Control Theory, Springer, Second Edition 2006.



Sparse control of Newtonian systems

Definition 3. For every M > 0 and every (x.v) € (RN x (RHN, let U(x,v) be defined as the set
of solutions of the variational problem

N N
min <B(v, u) +v(B(z,z)) Z ||u,||> subject to Z |ui|| < M, (11)
i=1 i=1
where -
v(X) :/ _a(V2Nr)dr. (12)
\/_r
ureirt
=-—-M and u; =0 for every j # 1.
IIM I
Theorem 3 Fiz M > 0 and con szder ﬂw CO'm‘?ol u® law given by Definition 4. Then for every initial

condition (zg,v0) € (RHN x (RN there exists 1o > 0 small enough, such that for all T € (0,79] the
sampling solution of (9) associated with the control u°, the sampling time T, and initial datum (xo,vo)
rea(‘hes I‘he consensus "r‘eglon 771 ﬁmz‘e 1‘77n€

WRURISSTY L. TRt S A Adn nnlndi o nan SRR S . ~ ke

Pr0p081t10n 3 The feedback cont’r()l u ( )=’ (£(1),0(t)) of Definition 4 aseoczate(l fwu‘h the wluttorz
((x(t),v(t)) of Theorem 2, is a minimizer of

d
Z(t,u) = =V (1),
(tu) = ZV (D),
over all possible feedbacks controls in U(x(t),v(t)). In other words, the feedback control u°(t) is the

best choice in terms of the rate of convergence to consensus.



Can we really control?

iTraffc Jam without Bottleneck =

» 9

Experimental evidence *h

for the physical mechanism of forming a jam
o YUkl Sugiyama, Minoru Fukul, Macoto Kikuchl
Katsuya Hasebe, Akihiro Nakayama, K atsuhuc' Nishinar
Shin-ichi Tadaki and Satoshi Yukawa3

Movie 1
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2018:
Controlling traffic with CAVs?
(multilane multiscale level)



Lagrangian controls?

Giuseppe Lodovico Lagrangia
(Torino 1736 — Paris 1803)

From baptism registry in Sant Philippe Church
in Turin:

Lagrangia Ginseppe Lodovice,

gennaie dell anno millesettecentotrentase,
o battezzate d SO gennaco deguente.
Padnino fu & ség. Carto Lagnangia e
adnina ('l ma contessa

Auna Caterina Rebuff di Traves.




Delle Monache-Goatin model

Op + Ox(p(1—p)) =0 (t,x) e RT xR
Flo(t,y(1)) —y@)p(t,y(1)) < Fo :=$(1 —3(2))* teR"
y(1) = w(p(t,¥(1)+))) te R

f(p) 4




Modeling at different scales
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Can we really control? (2)
Mean-field limit: Vlasov-Poisson equations

T; = v;, H(x,v) :=a(|x|)v
b = H*pnles ), i=1,... N,

N
1
l uN(t) — N E :5(:r7-(t),v7:(t))
3—1

Ot +v -V =V, - [(H 3 'u) ,U] Propagation of chaos (Kac)

Dobrushin, ...

Ti = Uy,
v; = Hxpun(zi,v;) +u;, 1=1,...N,
O+ v - Vi = Vy - [(H*u)u@




Control by leaders
(with Fornasier and Rossi)

2
Yk = Wk,
= H > pun (e, we) + H x pon (Y, we) +ue - k=1,...m, (1)
X = Vy,
Vi = H x puyn(x;,vi) + H % pi (x5, v;) i=1,...N,
./‘./:]» Wk?
W= H ox (1 + pom) (Vs wi) + g, k=1,...m,(2)
Tt +v - Vap =V - [(H* (g + ptm)) 1] ,
FN fo {L yzv ()MN( )) S (1)} de,
fo {L(x( u(0)) + = S g (2)| } .
Theorem

Fy T'-converges to F, thus optimal controls of (1) weakly
converge to optimal controls of (2).



Measure differential equations

Fiber 1 Fiber 1
’ A
A R L iy
Base Base
Definition

A Probability Vector Field (briefly PVF) on P(R") is a map
V:P(R") — P(TR") such that m#V|u| = p.

For every f € C>*(R"),

% [ a0 = [ (90 aviuwly). (1)



Wasserstein (Veserstein) metric




Wasserstein metric (2)

Optimal transport first proposed by Monge in 1781.
Particular case is given by the cost ¢(x,y) = |x — y|? with
p > 1, defining the Wasserstein distance:

1/p
W) = inf (b))
Rl’l

YH U=V

A probability measure 7 on R¢ x R¢, on? can interpret it
as a method to transfer a measure. ;1S sent tc v if:

Y dr(e, = dp(x), v

——@0— 9

Monge-Kantorovich problem. Wasserstgin dis’fnnce:
- - | ‘ﬁ
Wp(W,v) = |u[ min x —y["dr(x,y)

m€ll(p,v) RdyRd

where II(l, v) is the set of transference plans from p to v.



Measure differential equations (2)
Assumptions for existence of solutions:
(H1) Vis support sublinear, i.e. 3C > 0 such that

sup v| <C|1+ sup |x|].
(x,v) ESupp(V[u]) x€Supp(u)

(H2) The map V : P.(R") — P.(TR") is continuous (for the
Wasserstein metrics WX and WT%"))

Lipschitz semigroup using:
WV, V,) = inf{ fTRnxTRn v —w|dT (x,v,y,w) :

T € P(Vi,V,), mi3#T € PP (1, uz)}
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High complexity of traffic

Internal
dynamics
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