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Compensation of Transport Actuator Dynamics With Input-Dependent
Moving Controlled Boundary

Nikolaos Bekiaris-Liberis

Abstract—We introduce and solve the stabilization problem of
a transport partial differential equation (PDE)/nonlinear ordinary
differential equation (ODE) cascade, in which the PDE state evolves
on a domain whose length depends on the boundary values of
the PDE state itself. In particular, we develop a predictor-feedback
control design, which compensates such transport PDE dynamics.
We prove local asymptotic stability of the closed-loop system in the
C" norm of the PDE state employing a Lyapunov-like argument and
introducing a backstepping transformation. We also highlight the
relation of the PDE-ODE cascade to a nonlinear system with input
delay that depends on past input values and present the predictor-
feedback control design for this representation as well.

Index Terms—Predictor feedback, delay systems, distributed pa-
rameter systems, nonlinear systems.

|. INTRODUCTION

Nonlinear systems with input delays that depend on the input itself
can describe the dynamics of numerous physical processes. Among
several other applications, such systems may model the dynamics of
automotive engines [8], [19], [25], batch processes [9]-[11], [16], [17],
blending processes [15], water heating processes [16], [38], production
systems [21], chemical processes [24], [40], crushing mills [36], solar
collectors [37], cooling systems [23] (where input-dependent delays
appear due to the time required for the coolant to reach the consumers),
and of vehicular traffic flow [26]. For this reason, it is of significant
importance to develop control design methodologies for nonlinear sys-
tems with input-dependent input delays.

Prediction-based techniques have been successful in solving the sta-
bilization problem of nonlinear systems with input delays that vary with
time. In particular, prediction-based techniques are developed for the
stabilization of systems with time-varying delays [3], [12], [29], [31]-
[33], nonlinear systems with state-dependent delays [4]-[7], [20], [22],
transport PDE/nonlinear ODE cascades with state-dependent mov-
ing boundaries [20], wave PDE/nonlinear ODE cascades with state-
dependent moving boundaries [13], [14], and of nonlinear systems
with input-dependent delays [8]-[11], [21]. However, the problem of
stabilization of a transport PDE/nonlinear ODE cascade in which the
PDE state evolves on a domain whose length depends on the boundary
values of the PDE state itself has never been addressed.
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In this paper, we consider the stabilization problem of nonlinear
systems with actuator dynamics governed by a transport PDE that
evolves on a domain whose length depends on the boundary values of
the PDE state itself. We develop a predictor-feedback control design
methodology for the compensation of this type of actuator dynam-
ics. The closed-loop system, under the predictor-feedback control law,
is shown to be locally asymptotically stable, in the C'' norm of the
PDE state, via the employment of a Lyapunov-like argument and the
introduction of a backstepping transformation. Our stability result is
local due to an inherent limitation of the class of transport PDEs under
consideration, which ensures the well-posedness of the given transport
PDE. More specifically, this restriction guarantees that, in an equiv-
alent formulation of the transport PDE that employs a constant PDE
domain and a transport speed that depends on the boundary values of
the PDE state as well as its first-order spatial derivative, the transport
speed remains always strictly positive as well as uniformly bounded
from above and below by finite constants.

Furthermore, we demonstrate that a special case of the considered
transport PDE/nonlinear ODE cascade may be viewed as a nonlinear
system with an input delay that is defined implicitly through a nonlinear
equation, which involves the input value at a time that depends on the
delay itself. This class of systems is different than the classes of systems
considered in [11] and [21], in which, the input delays are defined
implicitly via an integral equation that involves past input values. Note
that the latter form of input delay is the result of the explicit dependence
of the transport speed (rather than of the controlled boundary) on the
boundary values of the PDE state.

Notation: We use the common definition of class /C, Ko, and ICL
functions from [28]. For an n-vector, the norm | - | denotes the usual
Euclidean norm. For scalar functions u € L>[0, D(t)] orv € L>[0, 1]
we denote by ||u(t)]|« or [[u(t)]|~ their respective supremum norms,
e [[u(®)lle = $uP,eppoy ule, D] or [o(t)ll = sup. oy v
(2,t)]. For scalar functions wu, € L*[0, D(t)] or v, € L*[0,1] we
denote by ||, (t)]|oc Or |0, (t)]|o their respective supremum norms,
ie., [Juy ()|l = SUPyzel0,D(t)] luz (z,t)| or Jlv. (t)[lc = SUP:e0,1]
v, (z,t)|. For vector valued functions p € L*[0, D(t)] or p, € L™
[0, 1], we denote by ||p(t)]|o or ||py (t)]|o their respective supremum
norms, i.e.. [[p(t)lloc = SUP,cio.p o) v/P1 (@ D7 -+ pa (@, L
or Ip, ()|l = sup.epo 1) Vi (z,6)2 4+ -+ p, (2,t)%. For vector
valued functions p, € L>[0,D(t)] or p,. € L*[0,1], we denote
by |lpz(t)]|ec or |[py.(t)]| their respective supremum norms,
Le., ”pz (t)”oc = SUPy¢(0,D (1)) \/pl.u (xvt)2 + +p,,x(l’,t)2 or
[P+ (Ol = sup.c.1) y/Poy. (2,07 + <+ pr, (217 We de-
note by C’(A; E) the space of functions that take values in £ and
have continuous derivatives of order j on A.

Il. PROBLEM FORMULATION AND PREDICTOR-FEEDBACK
CONTROL DESIGN

We consider the following system (see Fig. 1):

X(t) = f(X(1)u(0,1) M
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u(0) u(zx) u(D) evolves on a constant domain. Defining
X = f(X,u(0)) l U = D(t)z ®)
0 D = F (u(D), u(0)) v(z,t) = u(D(t)z,t) ©
) ) . . we rewrite (1)—(3) as
Fig. 1. Nonlinear system with actuator dynamics governed by a trans-

port PDE, which evolves on a varying domain whose length depends on
the boundary values of the PDE state itself.

w(z,t) =
U(D (t)vt) =

uy (2, 1) @)
U(t) 3)

where X € R" is the ODE state, ¢ > 0 is time, x € [0, D(t)] is spa-
tial variable, U € C*[0, c0) is a scalar control input, u is the PDE
state of the actuator dynamics, f : R” x R — R” is a continuously
differentiable vector field that satisfies f(0,0) = 0, and D is a moving
boundary that is defined as

D(t) = F (u(D(t), 1) ,u(0,1)) . “4)

The following assumptions are imposed on system (1)—(4).
Assumption 1: Function F' : R? — R is twice continuously differ-
entiable and satisfies

F (uy,us) >0, forall (u;,uy) € R%. (5)

Assumption 2: SystemX = f (X, w) isstrongly forward complete
with respect to w.

Assumption 3: There exists a twice continuously differentiable
feedback law k:R™ — R, with x(0) = 0, which renders system
X = f(X,k(X) + w) input-to-state stable with respect to w.

Assumption 1 is a mild assumption on the moving boundary func-
tion F', which ensures that the transport equation (2), (3) is meaningful.
Assumption 2 (see, e.g., [1]) guarantees that for every initial condition
and every locally bounded input signal, the corresponding solution of
(1) is defined for all ¢ > 0. Hence, it implies that the state X of system
(1) does not escape to infinity before the control signal U reaches it,
no matter the size of the delay (see, e.g., [5], [29], [30]). Assumption
3 (see, e.g., [39]) guarantees the existence of a nominal feedback law
that renders system (1) input-to-state stable in the absence of the trans-
port actuator dynamics (i.e., in the absence of the input delay). This
assumption is a standard ingredient of the predictor-feedback control
design methodology (see, e.g., [5], [29], [30]).

The predictor-feedback control law for system (1)—(3) is given by

U(t) = r(p(D(t), 1)) ©)
where forall z € [0, D ()] and ¢ > 0

plat) = X(t)+ A"f<p<y,t),u(y,t))dy. ™

For the implementation of the predictor-feedback law (6), (7) it is re-
quired that the ODE state X (¢) and the PDE state u(z, t), z € [0, D(t)]
are measured for all £ > 0. Note that the position of the moving bound-
ary D(t), forall ¢ > 0, can be computed at each time instant ¢ employ-
ing the right-hand side of expression (4) and the boundary measure-
ments of the PDE state, unless it is directly measured. It is worth men-
tioning here that the implementation problem of predictor-feedback
control laws is tackled in several works, such as, for example, [27],
[34], [41].

For the subsequent analysis it turns out that it is useful to transform
the PDE (2), (3), which evolves on a varying domain, to a PDE that

X(t) = f(X(#),0(0,1)) (10)
L
w(at) = I OOORTOn R
ze0,1] (11)
v(1,t) = U(t). (12)

In order to guarantee the well-posedness of the transport PDE (11),
(12) the transport speed must be strictly positive as well as uniformly
bounded from above and below. Since the transport speed depends
on the PDE state itself, the following conditions on the closed-loop
solutions and the initial conditions it is needed to be satisfied for all
t>0

v (L) F,, (v(L,1),0(0, 1))
1761 < F(U(17t)71}(07t)) <1762 (13)
v, (0,6)F,, (v(L, 1), 0(0, 1))
1< FoLo,o0,0)  ~a-t 19
€5 < F(v(1,t),v(0,1)) < € (15)

for some positive constants €, €2, €3, €4, €5, and €5, which may depend
on the function F' (see also relations (A64)—(A68) and (A75)—(A78) in
the Appendix for more details).

IIl. STABILITY ANALYSIS

Theorem 1: Consider the closed-loop system consisting of the plant
(1)—(4) and the control law (6), (7). Under Assumptions 1, 2, and 3,
there exist a positive constant ¢, and a class ICL function 3, such that
for all initial conditions X (0) € R" and u(-,0) € C* [0, D(0)] which
satisty

1X(0)] + u(0) [l + [tz (0)[|c < (16)
as well as the compatibility conditions
u(D(0),0) = x(p(D(0),0)) (17)
u, (D(0),0) = %p(o),o))
xf (p(D(0),0),u(D(0),0)) (18)
the following holds:
Q) < B, (20),t), forallt>0 (19)
Q) = [X O+ llut) oo + 1z (t)lloc- (20)

The proof of Theorem 1 is based on the following lemmas whose
proofs can be found in the Appendix. The first two lemmas introduce
a backstepping transformation, together with its inverse, which trans-
forms the original closed-loop system (10)—(12), (6), (7) into a suitable
“target system” whose stability properties can be established.

Lemma 1: Consider the backstepping transformation

w(z,t) =v(z,t) — Kk (py (2,1)) 21)
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where

po(z,t) = X(t)+ F (v(1,t),v(0,t))

X /02 f(po(s,t),v(s,t))ds (22)

together with its inverse
v(z,t) = w(z,t) + £ (m (2, 1)) (23)
where

ﬂq,(z,t) = X(t)J"F("f(ﬂ—v(lvt))7w(0>t)+“(X(t)))

/0 F (mo gty )+ (m (0.0) dy. (24)

Transformation (21) together with the control law (6), (7) transform
system (10)—(12) to the following target system:

X(t) = f(X(t),5(X () +w(0,t)) (25)
wi(z,1) = &(z,t)w, (2,t) (26)
w(l,t) = 0 @7)
where
VF(U(I,t),U(UJ))%
1+ZlfFul(L‘(l,t%u((}i))#ﬁl(’)om
£(z,t) = S— (28)

F (v(1,t),v(0,t))

with v(0,¢) expressed in terms of w(0,¢) and X (¢) using (23), (24)
for z = 0 and v(1,¢) expressed in terms of m, (1,¢) using (23), (24)
for z = 1 and (27).

The next lemma shows that the target system (25)—(27) is asymptot-
ically stable.

Lemma 2: There exists a class KL function 3, such that for all
solutions of the system satisfying (13)—(15) the following holds:

Qm (t) < ﬁw (Qw (0)7t)
Qu (1) = [XO)]+ lw®)llso + s (8]0

forall t > 0 (29)
(30)

Lemmas 3-5 establish the norm equivalency between the original
system (10)—(12) and the target system (25)—(27).

Lemma 3: There exists a class I, function p; such that the fol-
lowing holds for all £ > 0:

[P0 (B)lloe + [P0 D) lloo < o1 (X O] + [[0(E) [0 -

Lemma 4: There exists a class C., function p, such that the fol-
lowing holds forall t > 0 :

170 @ lloe + 1702 W)lle < p2 (IX(@)] + [Jw(E)]o0) -

Lemma 5: There exist class K, functions p; and p, such that the
following hold for all ¢ > 0:

€2y

(32)

Qu: (t) S ,03 (Q7 (t)) (33)
Q, (1) < pa (Qu (1)) (34)

where €2, is defined in (30) and
2, () = IX(8)] + o) + 0. () |- (35)

The next two lemmas show the equivalency of the C'' norm of state
(X,u(z)), z € [0, D(t)] to the state (X, v(2)), z € [0,1].

Lemma 6: There exists a class K, function p; such that the fol-
lowing holds for all £ > 0:

Q(t) < ps (1)) (36)

where €2, and € are defined in (35) and (20), respectively.
Lemma 7: There exists a class K, function pg such that for all
solutions of the system satisfying (15) the following holds for all ¢ > 0:

Qt) < po (2(1)) 37)

where ) and ), are defined in (20) and (35), respectively.

In the last three lemmas, an estimate of the region of attraction of
the predictor-feedback control law (6), (7) is provided.

Lemma 8: There exists a positive constant ¢; such that for all solu-
tions of the system that satisfy

X (@] + ()l + [l (8]l < 61

they also satisfy (13)—(15).

Lemma 9: There exists a positive constant §,, such that for all initial
conditions of the closed-loop system (1)—(3), (6), (7) that satisfy (16)
the solutions of the system satisfy (38), and hence, satisfy (13)—(15).

Proof of Theorem 1: Theorem 1 is proved combining Lemmas 2,
5, 6, and 7 with

Bu(s:t) = p6 (P (Bu (p3 (p5(s)) ;1)) -

forall t > 0 (38)

(39)

IV. RELATION TO A SYSTEM WITH DELAYED-INPUT-DEPENDENT
INPUT DELAY

Consider the following system:

X(t) = f(X(8),U (6(t)) (40)
where the delayed time ¢ is defined implicitly through relation
o(t) =t = F(U(¢(1))) A1

and ' : R — R, is adelay. In fact, system (40) and (41) is an equiva-
lent delay system representation of system (1)—(4), where for simplicity
of presentation we consider only the dependence of F' from U (¢). To
see this, note that the solution to (2) and (3) is given forall z € [0, D(t)]
and t > 0 by

u(z,t) = U (p(t + z))
where the prediction time o, i.e., the inverse function of ¢, is given by
t+ D(t)
t+ F(U(t)).

(42)

o(t) =

(43)

The predictor-feedback control law for system (40) with an input
delay defined via (41) is given by

U(t) = r (P(t)) (44)
where the predictor P is given for all t > 0 by
0
PO) = X(t)+ 1+ F (U(s)U
)= X0+ [ 1+ P 0E)00)
x f(P(s),U(s))ds, forall¢p(t) <@ <t. (45)

The predictor-feedback control law is implementable since it de-
pends on the history of U (s) and U (s), over the window ¢(t) < s < ¢,
as well as on the ODE state X (¢), which are assumed to be measured
for all ¢ > 0. Moreover, the implementation of the predictor-feedback
design requires the computation at each time step of the delayed time
¢. This can either be performed by numerically solving relation (41)
or by employing the following integral equation:

(1) ds
' / T+ F (U (0(5) U (6())

forall t <6 < o(t)

¢(0) =

(46)
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where o is defined in (43). Note that the key condition for the well-
posedness of system (40), (41), and the predictor-feedback control
design (44), (45) is reflected by the need to keep the denominator in
(46) positive.

V. CONCLUSION

We introduced a predictor-feedback control design methodology
for nonlinear systems with transport actuator dynamics, which evolve
on a varying domain whose length depends on the boundary values
of the transport PDE sate. We proved local asymptotic stability of
the closed-loop system under predictor-feedback in the C! norm of
the actuator state, employing a Lyapunov-like argument and a novel
backstepping transformation. The relation of the PDE-ODE cascade to
a nonlinear system with input delay that depends on past input values
was also highlighted and the predictor-feedback control design for this
representation was also presented.

APPENDIX

Proof of Lemma 1

Performing in the integral in (7), the change of variables y = D(t)s
and using the fact that F' is positive (Assumption 1), we obtain

pz,t) = X(t) + D(t)
x /0ﬁ F(p(D(t)s,1),u(D(t)s, 1)) ds.  (AD)
Therefore, with definitions (8) and (9), and
po(2,t) = p(D(t)z,t)
the control law (6) and (7) is expressed in terms of the v variable as
U(t) =k (py (1,1)) (A3)
where p,, is given by (22). The function p satisfies

forall z € [0, 1], (A2)

pi(z,t) = p, (2, t), = €]0,1] (A4)

which can be shown by noting that u satisfies (2). Therefore, using (2),
(4) and definitions (9), (2), we obtain

Ok (o (2,1))

wi(z,t) = (zD(t)+1>( G (D(D)2,1)

+u, (D021 ) (A3)
w,(z,t) = D(t) (um (D(t)z,t)
Ik (py(2,1))
——————p. (D(t)z,t) ) . A6
2, (D(t)2.1) (A6)
Hence,
D(t)+1
wy(z,t) = %wz(z,t). (A7)
Moreover, using (2) and (4), it follows that
vs(1t).ws (07T
- L vpuu.z),mo,m)W
1+ZD(t) _ ]*Fu|(1'(1>t)"U(0‘t))m (A8)
D(t) F(v(1,1),v(0,t)) '

Substituting on the right-hand side of (A8), the terms v(1,t), v(0,1),
v,(0,t),and v, (1, t) viarelation (23), we arrive at (26). Finally, relation
(27) follows by setting z = 1 into (21) and using (3) and (6) as well as
definitions (9) and (A2) for z = 1.

Proof of Lemma 2
By (13)—=(15), it holds that

min{L%‘} min{l,%}
— <) ———=

€6 €5

(A9)

forall z € [0,1] and t > 0, where ¢ is defined in (28). Moreover, from
(26), (27), and (A9), it follows that

W, (z,t) = & (2, 0)w, (2,8) + &(z, H)w, . (A10)
w,(1,t) = 0. (A11)
Consider now the following Lyapunov functional:
L.n(t)= /1 62(“”>z"lw(z,t)2m dz
i 1
+A e My, (2, 1) dz (A12)

for any ¢ > 0 and any positive integer m. Taking the time derivative of
(A12) along the solutions of (25)—(27), (A10), and (A11), we get using
integration by parts definition (28) and (A9)

1
Lo (t) < — / My (2 1) (2m(e + A)E(2, 1)
0

1
+&.(2,1))dz f/ e2eFREmay (2, 6)2™ (2m
0

x(c+ M)E(z,t) + & (2,t) — 2m&. (2,t))dz.  (Al3)

From the definition of £ in (28), one can observe that £ is a linear
function of z, and hence, the functions 2m(c + 1)&(z,t) + &, (2,t) —
2mé. (z,t) and 2m(c+ 1)E(z,t) +&. (2, 1) attain their minimum
value either at z = 0 or z = 1. Using this fact together with (13)—(15),
we arrive at

2m(c+ A)E(z,t) + & (2,t) > 2mece  (Al4)
2m(c+ M)E(z,t) + E(2,t) (1 —2m) > 2mee  (Al5)
where
_ min {e, €3 } (A16)
€1 €6
whenever
s la-al (A17)
min {e, €3}
Thus,'
Lo (t) < —2mceL, (1) (A18)
which implies that
L7 (t) < e—““‘“LE,Iﬁ (s) forall t > s. (A19)
Moreover, from (A12), it follows that:
Eem () < 2eZ, L (s) (A20)

'Note that although the estimate (A18) for L. ,, is derived for v that is of
class C% [and thus, so is w satisfying (A10) and (A11)], adopting the arguments
from, e.g., [13], the estimate (A18) remains valid (in the distribution sense)
when v is only of class C'!.
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where Proof of Lemma 3
1 P From (22), it follows that
Zem (t) = (/ e2(c+l)zm,w(z’ t)?m dz)
0 Do (2z,t) = F(v(1,t),v(0,t)) f (py(2,t),v(z,t)). (A31)

1 b
+ (/ 62(c+)\)zmwl (Z,t)2m dZ) ) (A21)
0

Taking the limit of (A21) as m goes to infinity, with the defini-
tion of the supremum norm, i.e., with relation [|6()| = lim,,
(Ji 10(z,t)]>™dz) 7, we obtain

E.(t) < 2e U2, () (A22)
where
E.(t) = Osglj}g)1 |e:(8“)w(z,t)|
+02121§>1 le* TP w, (2,8)] . (A23)
It follows, for all ¢ > s, that
[w(t) | + w: ()]l < 267l ([lw(s) ]|
+ llw: (s)ll) - (A24)

Under Assumption 3 (see, e.g., [39]), we obtain from (25) that
XO1< 5 (Xt =9+ (s u)]) a2

forall ¢ > s > 0, some class KL function /3;, and some class K func-
tion y; . Mimicking the arguments in [28, Proof of Lemma 4.7], we set
s = L in (A25) to obtain

X< 6 ('X(é)‘%)

+m | sup [Jw(r)]|
L<r<t

and thus, using (A25) fors = 0 and t — %, we arrive at

X0 < b (ﬂl (1xO13) (i“ft |w<r>> ;)

(A26)

+m | sup |lw(r)| | forall¢>0. (A27)
L<r<t
Moreover, using (A24), we obtain

sup [lw(r)|| < 2¢ ([[w(0) e + [[w- (0)][)  (A28)

0<r<3

sup |w(7)] < 2e~cc T elcth)

f<r<t

X ([w(0)[loo + [[w: (0) o) - (A29)

Therefore, combining (A27) with (A28) and (A29) and using (A24),
we get (29) with

ﬂur (S,t) = ﬂ] (,61 (S,O) + 7 (26(C+A)5) , %) + 9ec€t

xelttH g 4y (26766%6(6+)‘)S) . (A30)

Under Assumption 2, there exists a smooth function R : R" — R
and class K, functions «;y, as, and a3 such that (see, e.g., [1], [29],
and [30])

a (|X]) <

R(X) <ay (|X]) (A32)

OR (X)
X

f(X,w) < R(X) +as (lw]) (A33)

for all (X, w)T € R"*!. Thus, from (A31) and (A33), we get under
the positivity assumption of F' (Assumption 1) that

OR (pr (zv t))

ap, Pr:(m0) = F1),0(0,6) (B (p. (1)

+as (|v(z,1)])) - (A34)

Therefore, employing the comparison principle and using the fact that
p, (0,t) = X (t), we obtain

R(p,(z,1)) < "D CODIR(X () + F (v(1,4),v(0,1))

% / 6F(1:(1.1‘,)771((Lt))(zfy)Oég(‘,U(y’t)l)dy‘ (A35)

0

Under Assumption 1 (continuity and positiveness of F'), we conclude
that there exists a class K, function ¢& such that

F (v(1,t),v(0,t)) <F(0,0) + é ([o(1,£)| + |[v(0,1)]) (A36)
and, hence,
F (v(1,1),v(0,t)) < F(0,0) + & (2]|v(t)]|«) - (A37)
Consequently, employing (A32) and (A37), we get from (A35) that
[P0 (D) lloo < s (IX(@)] + [lv(E)]loc) (A38)
where
as(s) = ap! (eMO0TE) (ay(s) + az(s))) . (A39)

Since f is continuously differentiable with f(0,0) = 0, we conclude
that there exists a class K., function «; such that

|F(X,w)| < a5 (|X]+ |wl) - (A40)
Thus, using (A31), (A37), and (A38), we arrive at
Ipo. (2, 0)] < ag (IX(O)] + [[v(t)]l) V2 €[0,1] (A4
where
ag(s) = (F(0,0) + é (25)) a5 (au(s) + 5) - (A42)

The proof is completed by taking a supremum in both sides of (A41)
and setting p; (s) = ay(s) + ag(s).
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Proof of Lemma 4

From (24), it follows that

T (2,t) = F ("f (m(1,1)) ,’Ll)((),t) + K (X(t)))

X f (70 (2,8),w(2, 1) + 5 (m, (2,1)))  (A43)
and thus, defining
n(z,t) = 7 (D(t)z,t) = 7, (2,1) (A44)
and
wa (@,1) = w, (D()2,1) = w (2,1) (A45)
we get using (27) and (23) that for all z € [0, D(t)]
To(@,t) = f (72, t),wy (2,8) + 5 (x(2, 1)) . (A46)

Under Assumption 3 (see, e.g., [39]) and using the fact that 7 (0,¢) =
X (t), which follows from (24), (A44) for z = 0, there exists a class
KL tunction [ and a class K., function ¢ such that

) = H0X (0L + ¢ (s furo]). A4)
Thus,

sup
0<r<D(t)

7 ()1l < B (1X (£)], 0) +C< |wa (M)I) (A48)

and hence, with definitions (A44) and (A45), we obtain

I (8l < BUXDL0) +C(Jw®)l).  (A49)

Under Assumption 3 (continuity of  and the fact that £(0) = 0), there
exists a class K, function & such that

|k (X)] < o (IX]).

(AS0)

Under Assumption 1 and (A36), we conclude that there exists a class
K+ function & such that

F (5 (m (1,1)) ,w(0,) + 5 (X (1)) < F(0,0)

(| (m, (L) + [w(O, 0] + [k (X)) (@ASD
and thus, using (A50) and (A49), we obtain

F(k(m,(1,1)),w(0,t) + k (X(t))) < F(0,0)

+a (&1 (BOUX@1L0) + ¢ (lw(®)) ) + lw(®)]l

+a1 (1X(1)) - (A52)
Therefore, from (A43) using (A40) and (A52), we obtain

72 (2] < ar (IX(@O)]+ lw(®)]1) (A53)
where
ar(s) = (F(0,0)+a (ay (B(5,0) 4 C(s)) 45+ (s)))

xas (B(5.0)+¢(s) + s

+é (B (s,0) +<(s))). (A54)

Proof of Lemma 5

Under Assumption 3 (continuous differentiability of «), there exists
a class K., function &, such that

Ve (X)| < V& (0)] + a2 (1X]) (A55)
forall X € R". Therefore, using (31) and (A50), we get from (21) that
[w(z, t)| + |w. (z,8)] < [o(z,8)] + [ (2,8)] + ar (o1 (| X (2)]

+ o)) + (IVE (0)]
+az (pr (X @)+ [v(®)]l)))

X pr (X @]+ lo()]l) (A56)
and thus, estimate (33) follows with
ps (s) = s+ai (p1(s))
+ (VR (O)[ +as (o1 (5)) pr (s).  (AST)

Similarly, using (A50) and (AS55) and combining (23) with (32), esti-
mate (34) follows with
pa(s) = s+ai(p2(s))

+ (IVE(0)| + as (p2 (5))) p2 (s) . (AS8)

Proof of Lemma 6

Using (A36), we get that

sup v (z,t)] = sup |ug (2, 1) F (w(D(2), 1), u(0,1))]
2€0,1] 2€[0,D (1))
< e (@) [lo (F7(0,0) + & (2[|u(t)[l«)) - (A59)
Thus,
Qu(8) < [X @]+ [[u(t) oo + [l (8o
X (F(0,0) 4 & (2[lu(t)]l)) (A60)
where €2, is defined in (35). Using (A60), we get (36) with
ps (8) =s+s(F(0,0)+ & (2s)). (A61)
Proof of Lemma 7
Utilizing the fact that
v (2, 1))
(D)z,t)| = =—F—"———— A62
e (DW= 01 = F0(0, 1), 0(0,2) (ho2)
from the left-hand side of inequality (15), we obtain
1
[z @lloe < —lv: (8)oc- (A63)

Therefore, relation (37) is obtained with pg(s) = (1 4+ *)s.

Proof of Lemma 8

Under Assumption 1 and (A36), one can conclude that the following
holds:

F(0,0) =a(jo(1, )] + [v(0,6)]) < F(v(1,1),0(0,1)). (A64)
Taking any positive constant J; such that
&1 < ay' (F(0,0)) (A65)
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where G4 (s) = & (2s). It follows from (A36) and (A64) that condition ~ where 7 is the following class K function:
(15) is satisfied with any choice of €5, € such that
7 (s) = py (B, .0))). A82
0<es < F(0.0)— & (26) (AG6) 3 (s) = pa (Bu (p3 (5,0))) (A82)
e > F(0,0)+ & (26;). (A67) The solutions of the system satisfy (38), and hence, satisfy (13)—(15).

Moreover, under Assumption 1 (continuous differentiability of F'), we
conclude that there exists a class &y, function p such that

IVF (v(1,t),v(0,t)] < |VF(0,0)]

+ 5 ([o(L, )] + [0(0,5)]) . (A68)
Using (A64), (65), (68), and (38), we have
F(dl) > |Fl (U(lvt)vv(ovt)vvz (O>t))|
+ ‘FQ (v(lvt)7v(07t)avz(17t))|
(A69)
T(5) = 26, (J:V(g(o(;{)\&‘l“(ﬁl()%l)) (A70)
Iy (v(1,t),v(0,t),v.(0,1) = ”"(0’;)5‘(21 (;(711)’(15&7%()07”) (A71)
Ty (u(1, £), 0(0,4), v (1,1)) = ”1(1;)5“(‘1(:)(11;(2’:)()0’”)
(A72)
Thus,
—T(8) < Ty (v(1,¢),v(0,8),v.(1,¢)) <T () (A73)
and
=T (6) < Ty (v(1,¢),v(0,t),v,(0,¢)) <T (d1). (A74)

Hence, conditions (13) and (14) are satisfied with any choice of positive
constants €, €5, €3, and €4 such that

261 (IVF(0,0)| + p (261))

€= € >1+ F(0,0) = a1 (3,) (A75)
whenever
5 < a ' (F(0,0)) (A7)
where the class IC., function & is given by
a(s)=a(2s)+2s(|[VF(0,0)] + p(2s)). (A78)
Note that (A65) holds if (A77) holds.
Proof of Lemma 9
Combining (29) with (34) and (33), we arrive at
Qu () < pa (Bu (ps (2,(0)) ,0)) (A79)

where €2, is defined in (35). Hence, for all the initial conditions of the
closed-loop system (10)—(12), (A3), and (22) that satisfy

1X(O) + [0(0) oo + |

0 (0)|0 < 8, (A80)
with

8, <77 (8) (A81)

From Lemma 6, the lemma is proved by choosing

Su < p3t (6,). (A83)
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