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Applications of Delay
Systems

e Control over networks

e Traffic control

e Cooling systems

e Teleoperation

e Milling Processes

e Population Dynamics

e Irrigation channels

e Supply networks

e Rolling mills

e Chemical process control



Nonlinear Control of Delay Systems

X(t) = f(X (t = Di(t. X(1)), U (t = Da(t, X(1))))

e {Dy(t,X(t)) = constant, Dy(t, X (t)) = 0}: Jankovic, Karafyllis, Mazenc,
Pepe ...

e {D;(t,X(t)) = time-varying or state-dependent, D5 (¢, X (t)) = 0}: v/
o {Dy(t,X(t)) =0,Dy(t, X(t)) = constant}: v (for large delay)
o {Dy(t,X(t)) =0, Dy(t, X(t)) = time-varying or state-dependent}: v

o {Dy(t,X(t)), D2(t, X (t)) = time-varying or state-dependent}: v’



U(t — D)

D=—const.

D(t)

D(X)

D(U)

uncertain
D(t, X)

Linear

Nonlinear




U(t— D)

D=const. D(¢t) D(X) D(U) lg((::,r;u)n
9
Linear 1
Nonlinear 2




U(t— D)

D=const. D(¢t) D(X) D(U) lg((::,r;u)n
9
Linear 1 3
Nonlinear 2




U(t— D)

D=const. D(¢t) D(X) D(U) lg((::,r;u)n
9
Linear 1 3
Nonlinear 2 4




U(t— D)

D=const. D(¢t) D(X) D(U) lg((::,r;u)n
9
Linear 1 3
Nonlinear 2 4 5




X(t — D)

D=—const.

D(t)

D(X)

D(U)

uncertain
D(t, X)

Linear

Nonlinear




X(t — D)

D=—const.

D(t)

D(X)

D(U)

uncertain
D(t, X)

Linear

Nonlinear




U(t— D)

D=const. D(¢t) D(X) D(U) lg((::,r;u)n
9
Linear 1 3 8
Nonlinear 2 4 5




U(t — D)

uncertain
D=const. D(t D(X DU
® ) | b | B
Linear 1 3 8
Nonlinear 2 4 5 9




Linear Predictor Feedback for

Constant Delay



Linear Systems with Constant Delays (Design)

X(t)=AX(t) + BU(t — D)

Delay-free control law:

Ut)= KX(t)
Predictor feedback law:

Ult) = KP(t)

Pty = X({t+D)

Challenge: Compute the future state, i.e., X (¢ + D).

Explicit derivation for linear systems with the variation of constants formula

P(t) = X(t) + /t iD A9 BU(9)db



Some History

e Predictor Feedback Design for Linear Systems with Constant Delays on the
Input and the State : Manitius & Olbrot, Artstein

Yet, No Analysis was Provided



Linear Systems with Constant Delays (Analysis)

Backstepping Transformation:
W(@)=U@®)—-KP@), t—D<0<t
Traget system:

X(t) = (A+BK)X(t)+ BW(t— D)
W) = 0, forallt>0

Lyapunov-Krasovskii functional:
t
V(t)=XHTPX(t)+b / e P (9)2de,
t—D

Theorem 1: 3 ), p such that for all t > 0

0

|X ()| + /th U(#)2d6 < p <|X(O)| + /w U(0)2d9) et



Nonlinear Predictor Feedback for

Constant Delay



Nonlinear Systems with Constant Delays (Design)

Delay-free control law:
Predictor feedback law:

Implicit formula for predictor:

Py = [ 5eo.6)



Assumptions (Delay-Free Plant)

X=7 (X,w) is forward complete.

X = f(X,r(X)+w)is ISS, and hence, 3 a dissipative Lyapunov function S

Global asymptotic stability suffices, but for a Lyapunov construction (of the
overall infinite-dimensional system) ISS is required



Nonlinear Systems with Constant Delays (Analysis)

Lemma 1 (infinite-dimensional backstepping transformation of the actuator state)

(W) =U0) —x(P®),| t-D<06<t,

transforms the closed-loop system into the “target system”
X(t) = fX(O).x(X(t)+W(t-D)
W) = 0, Vvt>0.



Nonlinear Systems with Constant Delays (Analysis)

Lemma 2 (g.u.a.s. of target system)
36 € KL sit.,

X+ s, g WOl < 6 (IXO 5w, g WO ).



Nonlinear Systems with Constant Delays (Analysis)

Lemma 2 (g.u.a.s. of target system)
36 € KL sit.,

X+ s, g WOl < 6 (IXO 5w, g WO ).

Proof: Using the Lyapunov-Krasovskii functional:

S(X(1) + b / " aln) .

r

~~
~—

L(t) = sup |€0+D_tW(9)’
t—D<O<t



Nonlinear Systems with Constant Delays (Analysis)

Lemma 3 (norm equivalence between the original system and target system)
Eipg, ag € Koo s.t.,

X0+ swp U@ < ap! (|X<t>|+ sup |W<e>|)
t—D<0<t t—D<6<t
X+ swp WO < p2(|X<t>|+ sup |U<e>|)

t—D<0<t t—D<6<t






Linear Predictor Feedback for

Time-Varying Delay



Linear Systems with Time-Varying Delays (Design)

X(t) = AX(t)+ BU(t— D(1))
o(t) = t—D(t)
Predictor feedback:

_ ACRORD) ' R CR ORI O _ v
ve) K( o+, B5ean®

P(t) = X (¢7'(t))
Comparison with the constant delay case:

Ult)=K (eA“X(t) + /t t

eA<f—9>BU(9)d9>
-D
In the time-varying case D # D

D = ¢ Ht)—t

D = t—g(t)



Some History

e Predictor Feedback Design for Linear Systems with Time-Varying Input
Delay : Nihtila

What about a Lyapunov Functional?



Linear Systems with Time-Varying Delays (Analysis)

Backstepping Transformation:
W(@)=U()—-KP#), t—D(t)<60<t
Traget system:
X(t) = (A+BK)X(t)+ BW(t— D(t))
W) = 0, forallt>0
Lyapunov-Krasovskii functional:

—Lg)—¢
(

t )
V() = X(t)TPX(t)+a/ T W (0)2d0
t—D(t)

Theorem 3: 3 ), p such that for all t > 0

0

X)) + / U(e>2d9<p(|x<o>|+ /

U(9)2do | et
~D(1) ~D(0)



Nonlinear Predictor Feedback for

Time-Varying Delay



Nonlinear Systems with Time-Varying Delays
(Design)

X(0) = [(X0).U(- D)
o(t) = t—D(1)

Predictor feedback law:

Uy = r(P()

Predictor formula:

P(t) = X(t)+ /¢ LIP@.UO)



Assumptions (Delay-Free Plant)

X = f(X,w) is forward complete.

X =f(X,rk(X)+w)is ISS.



Assumptions (Delay)

D(t) > 0 (guarantees the causality of the system)

D(t) < oo (guarantees that all inputs applied to the plant eventually reach
the plant)

D(t) < 1 (guarantees that the plant never feels input values that are older
than the ones it has already felt—input signal direction never reversed)

D(t) > —oo (guarantees that the delay cannot disappear instantaneously,
but only gradually)



Achilles heel: ¢~ 1(t) >t > ¢(t)

197 (1)

D(t) needs to be known sufficiently far in advance

= method appears not to be usable for state-dependent delays



Nonlinear Systems with Time-Varying Delays
(Analysis)

Backstepping Transformation:
W(@)=U(@0)—r(P(#)), t—D(t)<0<t
Traget system:
X(t) = f(X(0), (X (1) +W(t—D(1)))
Wi(t) = 0, forallt>0
Lyapunov-Krasovskii functional:
Vi) = SX@)+ b/OL(t) @dr,

1

e('""‘/’” //W(H)’

L(t) = sup
t—D(t)<0<t

Theorem 4: 3 5 € KL such that for all t > 0

[X(t)]+  sup IU(9)|S5<|X(0)+ sup IU(9)|7t>

t—D(t) <6<t —D(0)<6<0



Example

Xi(t) = Xo(t)— Xao(t)2U(t — D(1))

Xo(t) = U(t-D(1)
D) = 11:21;

Delay-free control law
1
Ut) = =X, (t) — 2Xo(t) — gXQ(t)3
Predictor feedback

U(t) = ~Pi(t) ~ 2P5(1) - 5 Po(t)?

Py = [ (P - PP 0)

¢ do
Py(t) = /t_D(t>U(9)¢,(¢_1(9))+X2(t)

¢' (6=1(0))

+ X4 (t)



1

S

¢~ 1(0) =

Figure: Controller “kicks in" at ¢




State-Dependent Delay



Non-holonomic Unicycle with Distance-Dependent
Delay (1)

Nonholonomic Unicycle

i(t) = vlt—D(x(t).y(t)))cos (B(t))
§) = (b= D (e(0),y(0) sin (6(1))
6(t) = w(t—D(a(t).y(1))

Delay that grows with the distance relative to the reference position

D (x(t),y(1)) = z(t)* + y(t)

A time-varying controller due to Pomet (1992) is

w(t) = —5P(1)2cos(3t) — P()Q(L) (1+25cos(3t)2) —9()
o(t) = —P(t)+5Q(t) (sin (3t) — cos (3t) + Q(t)w(?)

P(t) = a(t)cos(6(t)) + y(t)sin (6(2))

Q(t) = =(t)sin(0(t)) — y(t) cos (6(t))



Non-holonomic Unicycle with Distance-Dependent
Delay (2)

Trajectory of the robot for ¢t € [0, 500]
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The trajectory of the robot with the uncompensated controller with initial
conditions z(0) = y(0) = 0#(0) =1 and w(s) = v(s) = 0 for all
—2(0)2 —y(0)2 < s <0.



Nonlinear Systems with State-Dependent Delay

Main challenge:



Predictor Feedback

- t (P(s),U(S))dS

pt) = X(t)+/t—D(X(t))1 VD (P(s)) f (P(s),U(s))
= X(co(t)

o7 (t)

~~

o(t) = t+D(P(t)



Global Stabilization is not Possible in General

| (t)
Xt)=Xt)+U (t—X()?)

with U(#) = 0, for all =X (0)2 <6 <0.
The control signal never kicks in for X (0) > X* = L —0.43

V2e
09 07
08 06
z(t) é(t)
07 05
0.6 Pt 0.4
05 03

0.4 0.2
0.3 0.1
0_2\ ol

0_1\ ~04

_02r”
GO 0.1 0.2 0.3 t 0.4 0.5 0.6 0.7 0 0 0.1 0.2 0.3 . 0.4 0.5 0.6 0.7

The state of the system with the delay-compensated controller and four different
initial conditions X (0) = 0.15,0.25,0.35, X *.



Why the Results are not Global

The feasibility condition that the delay rate is less than one must hold to
ensure that the control signal reaches the plant and that the control remains
bounded

The solutions of the system and the initial conditions must satisfy
Fe: VD (P@0)) f (P(0),U(8)) <c, forall§>—D(X(0))

for ¢ € (0,1]. We refer to F; as the feasibility condition of the controller.



Assumptions (Delay-Free Plant)

X = f(X,w) is forward complete

X(t) = f(X(), 5 (X(1) +w(t)) is ISS



Assumptions (Delay)

D e C'(R%R,)

The rest of the assumptions are satisfied by restricting the initial conditions



Theorem 5:

J¢ € IC and 7 € KL such that for all initial conditions that satisfy

By(c) X (0)] + sup [U(0)] < (c)
—D(X(0))<0<0

for some 0 < ¢ < 1,

|X()|+  sup IU(G)Sf<|X(0)I+ sup IU(9)7t>
t—D(X (1)) <0<t ~D(X(0))<6<0



The Infinite-Dimensional State-Space

\ state: X, U(s+s), -D(X)<s<0

region of attraction (actual)

Sets arising in the proof of the Theorem in the infinite-dimensional state space
R™ x Ct — D(X(t)),t). Bo(c): the ball of initial conditions allowed in the proof
of the theorem. B(c): the ball inside which the ensuing solutions are trapped.



(X,U)

-Elnfd EZB EKT EKP 2002




Lemmas 1-3 (from the constant delay case apply here as well)

Lemma 4 (finding a ball B around the origin and within the feasibility region)
Ip. € KCo s.t. Fe (0 < ¢ < 1) is satisfied by all solutions that satisfy

B(e) : X ()] + sup [U(0)] < pelc,c) vt > 0.
t—D(X (£))<0<t

Lemma 5 (ball By of initial conditions s.t. all solutions are confined in BC F.)

FYroa € K s.t. for all initial conditions in By(c), the solutions remain in
B(c) C F. for some 0 < ¢ < 1.



Non-holonomic Unicycle Revisited (1)

w(t) = —5P(t)2cos(30(t)) — P(HQ(?) (1 + 25 cos (30(t))2> — o)
o(t) = —P(t)+5Q(t) (Sm (30( )) — cos (30(t))) + Q(t)w(t)
P(t) = X(t)cos(O(t)) + Y (t)sin(O(t))

Qi) = X()sin(O())—=Y(1) cos(()(f))
With the predictors

X(t) = z(t)+ / g(5) (5) cos (O(s)) ds
t—x(t)2—y(t)?2

v = o+ [ 9(s)v (5) sin (6(s)) ds
t—x(t)2—y(t)?

o) = 6@)+ g(s)w(s)ds
t—x(t)2—y(t)?

o(t) = t+X#)2+Y(t)?

1
g(s) =

1=2(X(s)v(s)cos(O(s)) + Y (s)v(s)sin(O(s)))



Non-holonomic Unicycle Revisited (2)

1 Trajectory of the robot for ¢t € [0,15]

0.8 8
y(t) D(t)7

0.6 6
5 ,"'

0.4 4
3 4

0.2 N
1 ~

The trajectory of the robot, with the compensated controller and the delay
function with the compensated controller (solid line) and the uncompensated
controller (dashed line) with initial conditions z(0) = y(0) = 6(0) = 1 and
w(s) =wv(s) =0 for all —z(0)? —y(0)? < s <0.



When a Global Result is Possible

VD (X) f(X,w)<c< 1

is satisfied, for all (X,w) € R*+L.



When a Global Result is Possible (An Example)

X@®)+U(@t—D(X(1))

X = U(t—D (X)) +1

, with D(X(t) = %log (X(t)*+1)

25

X(t)
15

0.5

The state of the system with the delay-compensated controller and initial
conditions X (0) = 1.5, U(¢) = 0, for all —11log (X (0)2 + 1) < 6 < 0. After the

controller kicks in, X (t) decays according to X () = —%



Forward Completeness and ISS are NOT Necessary!



Assumption (Delay-Free Plant)

X = f (X, w.) is locally stabilizable, i.e., 9k, # > 0 and " € KL such that,
the system X = f (X, k(¢, X)) satisfies

(X <57 (1X(0)],8), ¢=0,

for all [ X(0)] < .



Why the Results are not Global

initial condition so large that
control never kicks in

control kicks in but state
already outside RoA,OR
state so large that it retards
control to earlier values after
control kicks in

£\

=
S
R
/_\__/
blue: system runs in open lo

op

control kicks in within RoA
and istate transient not large
enough to retard control

to earlier values

o*

Four possibilities that may arise with closed-loop solutions.



Proof (1)

e
D(0)+5,(R)

D), E")

estimate of time £¥
when control kicks in

D(0)+51(T](Vo,t))

E*(ro) determined
from a fixed pt. problem

rol kicks in

The strategy of the proof. The exact time o* when the control reaches the plant
is not known analytically. We find an upper bound £* > o* by using an upper
bound D(X) < D(0) + 61 (| X]) on the delay and by estimating an upper bound on
the open-loop solution |X ()| < n(ro,t), ro := [X(0)| +sup_p(x(0y)<e<o U ()|



Proof (2)

&*(ro)

D(0)+04(R)

D(0)

o) "o

The function £*(r() determined from the fixed-point problem
& = D(0) + 01(n(ro,&"). By reducing r¢ sufficiently, we can ensure that the
control signal reaches the plant before | X (t)| has exceeded R.



A Locally Stabilizable Example

' (1)
Xt)=XO"+2X(t)° + (X()*+X®)*) U [t — X(t)?

not locally exponentially stabilizable nor globally asymptotically stabilizable.

Delay-free controller U(t) = — X (t) yields X (t) = — X (¢)® + 2X ()", with
_1
R= 75

3 4 5

Solid: Delay-compensating controller. Dashed: Uncompensated controller. Dot:
Nominal controller for a system without delay. The controller “kicks in" at

o* = 0.46 and hence, X* = v/o* = 0.678, which is almost at R = %



Nonlinear Predictor Feedback for Simultaneous

Time-Varying Delays on the Input and the State



Nonlinear Systems with Delayed Integrators (Design)

):(l(t) = fi(Xi(t) + X2 (41(1))
Xo(t) = fa(Xa(t),Xa2(t) + U (02(1))
Predictor feedback law:
Uty = —f(Pr(¥(67'1®)), (1) — 2 (PQ(t) +ePi(t) + fi (Pl(t))>

- (e + ) (h e + a0} R (05 0)

Predictor formula:

Pi(t) = Xi(t)+ /w(t) (f1 (P (9) + P (0)) w,(wdel())

_ (R (P(v(e2'(9)), P2(60) +U(H)) db
Pt) = Xo(t)+ L N 5 50
P(t) = ¢2(eu(t))

In the constant delay case:

¢i(t) =t — Dy, (t) =d2(¢1(t)) =t — Dy — Do




Assumptions
Plant
Xl(t) = f[i(Xai(t)) + X2 (1(D))
Xao(t) = f2(X1(t), Xa(t)) + U (62(1))
is forward complete.

Delays

D;(t) positive and bounded.

D;(t) less than one.



Nonlinear Systems with Delayed Integrators
(Analysis)
Backstepping Transformation:

Zo(t) = Xo(t)+ fu (Pr(02(1))) +erPr(92(1))

Traget system:

Zi(t) = —c1Zi(t) + Za(n (1))
Zo(t) = —caZs(t) + W(as(t))
W) = 0, t>0

Theorem 6:
HB € KL such that

X1 ()] + [1X2(0)ll o + 1U ()]l SB(|X1(0)|+ [1X2(0)ll oo + 1U(0)]]oo )

|| - |loo sup norms over [t — D;(t),t]



An Example
Xi(t) = sin (X1 (1) + Xa (¢t — D), Xalt) = U(R)
Predictor feedback

U(t) = —C2 (Xg(t) + Clpl (t) + sin (Pl (t)))
_ 1
(e -+ cos (AL(0) (sin (Py(0)) + X)) W2
! : dg
Pi(t) = Xi(t)+ /t— D) (sin (P1 (6)) + X2 (0)) 7o)
(1)

2 e Dotted: Assuming D(t) =0
\ ; and D(t) =0
e Dashed: Assuming D(t) =0

but D(t) = %

| e Solid: With predictor
-1 feedback

-15

X,(t)1
0.5

-0.5

e Control signal reaches X (t)

att=¢1(0) = %

-2



State-Dependent State Delay



Nonlinear Systems with State-Dependent State
Delay

Xi(t) = fi(t, Xa(t), Xa(t— D (X1(t))))
Xo(t) = f2(t, X1(t), Xo(t)) + U(t)

Additional challenge: The predictor design does not follow immediately from
the delay-free design



Predictor Feedback

Ut) = —falt, Xa(), Xa(t) — c2 (Xa(t) — # (a(t), P1 (1))
ER 4 PR (00, ), Xalt)
1—=VD (Pi(t) fr (a(t), Pi(t), Xa(t))
where
B t f1(o(s), Pi(s), Xa(s))ds
A = X0 +/t_D(X1<t>>1 TND(P2(5) 1 (0(5), P (3), Xals))

<)
—

o~
=

t+ D (Pi(t))



Why the Results are not Global (Even for Forward
Complete Systems)

The feasibility condition that the delay rate is less than one must hold to
ensure that the control signal reaches the state .X'; and that the control
remains bounded

The solutions of the system and the initial conditions must satisfy
G : VD (Pi(9)) f1 (c(0), P1(0), X2(0)) < ¢,

for all 8 >ty — D (X1(to)), for ¢ € (0,1]. We refer to G; as the feasibility
condition of the controller.



Theorem 7:
J€roa € K and 5 € KL such that for all initial conditions that satisfy

Qto) < Eroa(c)

Q) = X+ sup | X2(6)]
t—D(X1 (1)) <0<t



Assumptions (Delay-Free Plant)

3 smooth positive definite function R and o, as and a3z € K s.t.
V(X,w,t)

a (|X]) < Rt X) <o (X))
OR(t,X) OR(t,X)
ot ox

1, X,w) < R(tX)+as(|w]),

which guarantees that X = f; (£, X,w) is forward-complete.
X(t) = fu (6 X(0), 5 (1, X (8) +w(t)) is 1SS



Assumptions (Delay)
D€ C (R%Ry)



Proof (Infinite-Dimensional Backstepping
Transformation)

The infinite-dimensional backstepping transformation of the state X5
Z>(0) = X2(0) —rk(0+D(P(0),Pi(0), t—D(X:(t) <0<t
transforms the system to the “target system”

Xi(t) = fi(t,Xa(t),5 (8, X0 (1) + Z2 (t = D (X:(1)))
Zo(t) = —c2Zs(1)

Then prove stability of “target system” from ISS.
Using forward-completeness and ISS prove the norm equivalency.

On the way to do so, prove that the feasibility condition is satisfied when the
original norm is small.



Nonlinear Systems with State-Dependent State
Delay (Example 1)

5(t) = w(t—rysin? (ws(t)))
o(t) = a(t)

The predictor-based controller is

v(t)

a(t) = —e2 (v(t) + et (1)) — er 1 —rwsin (wPy(t)) cos (WP (t)) v (t)

where

v(s)ds

Rt = s+ /trl sin?(ws(t)) 1 = riwsin (wPi(s)) cos (wPi(s)) v (s)



Nonlinear Systems with State-Dependent State
Delay (Example 1)

The initial conditions are s(0) = 1, v(6) = 0.1, for all —7; sin? (ws(0)) <O <0

1.2 12
1 10
0.8 8
0.6 o
s(t
04 (t)
4
0.2
o 2
B(t) =t — 0.3sin*(15s(t))
-0.2 o(t) o
—0.4 -2
0 2 4, 6 8 10 0 2 4, 6 8 10
0.6
0.4
a(t)
0.2
0
-0.2
-0.4



Nonlinear Systems with State-Dependent State
Delay (Example 2)

ﬂn Del ay Tout
H (Tout)

A 4
@

Heat Exchanger

q1

Figure: A marine cooling system with one consumer

Tow=X1, T =Xo, H=gplqm =D, 1 = U
Xi(t) = a(Xa(t) = Xa (b= D)) kX0 (1) + k2)
Xo(t) = (ki Xi(t) + ko) (X1 (8) = Xa(t) — U(t)

where, a <0, b, k1,ks > 0.



Nonlinear Systems with State-Dependent State
Delay (Example 2)

We choose

U(t) = (B1X1(t) + k2) (X1(t) — Xa(t)) + co (Xz(t) —Py(t) - ‘2/%)

_ (1+ Tea + 3 ) o (Pa(t) = X (1)) (k1 P (1) + ko)

(P + 12)” R(t)
where
Pi(t) = Xl(t)+/t b a(P1(9)—X2 (92((:)1P1(9)+k2)d9
v 10ory

B bkia (Py(0) — X5 (0))
B0 = T R @ rry OHE)




Nonlinear Systems with State-Dependent State
Delay (Example 2)

a = —1, Cl1 = Cy = b= ]{1 = k‘g =1 , Tout(o) = 1, Tm(ﬂ) = 06,0 S O, Teq =04
Figure: Dashed: Open-loop response. Solid: Response with predictor feedback.

1

1
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Tou T
0.7 0.7r4
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0.5 0.5
0.4 04
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1
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Robustness of Linear Constant-Delay Predictors to

Time-Varying Delay Perturbations



Robustness to Time-Varying Delay Perturbations

X(t) = AX(t)+BU (t ~D- a@))

U(t) = K<6AﬁX(t)+ /tiﬁeA(t_e)BU(G)dQ)

Theorem 8: 3 6, such that if
|6(t)| + [6(¢)] < 81, forallt >0
then, the closed-loop system is exponentially stable, in the sense of the norm

HL(t)—X(t)|2+/t U(0)%do + /;D U(0)%do

t—D—max{0,6(t)}



Robustness to Time-Varying Delay Perturbations

Are larger absolute delay and delay rates allowed?

Theorem 9: 3 >, 03 such that if

/0w<|6’<0>|+|6<0>|>d9 < 5

or

|6() +16"(t)] — 0, whent— o0

or

1 t+A
Z/ (6'0)| + 16(O)) df < &5 forallt>T
t

then, the closed-loop system is exponentially stable, in the sense of the norm

t t
IL(t) = |X(t)|2+/A U(9)2d9+/ L U(0)%d9
t—D—max{0,6(t)} t—D



Centralized Teleoperation

Network
T '
Ts ' [Delay] 3
) o)
. 1 1
Tm, Tm 1
1 1
1 1
1 1
1 1 A 4
Local 1 1 Remote
Manipulator ' ! Manipulator
1 1
4 1 1
TIII i 1
Centralized Controller |¢ : Del :
Computational Delay (¢— 56 ay PE '
D i (t) 1 ‘TS’ xS
] 1

i (1) + & (1)

Es(t) + 25(t)
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Centralized Teleoperation (Design)

Ui(t) = -K, (131 (t) — Pg(t)) — BuBy(t) - K, (Pl(t) - 7‘)

Us(t)

Il
>
/N
:U>
—~
~
~
[

s(t)

Figure: The delay perturbation § induced by the network in teleoperation.



Centralized Teleoperation (Simulations)
D=1

§(t)=—5(t)+0.1sin(t)?, 6(0)=1 (solid). §(t)=0 (dashed).

-1 - -5

Figure: The error between the position of the master and the slave and the input
torques. The two robots are coordinated through a network that induces an unknown
time-varying delay §(¢). The initial conditions are z,(0) = 0, z5(0) =1,

Zm(0) = 2s(0) =0, Tm(0) = 75(0) =0, =1 — §(0) < 6 < 0.



Robustness of Nonlinear Constant-Delay Predictors

to Time- and State-Dependent Delay Perturbations



Motivation

Effect of other controllers controlling
other plants over the same network

v

i Network
|
Ul(t): SPY X(t
( )| > Delay M o Ds M Plant (1)
| 6(t7X)
: VN
|
| N _
Controller
ol ;() : < Predictor 4

Figure: Control over a network, with delay that varies with time (as a result of other
users's activities) and may be state-dependent. The designer only knows a nominal,

constant delay value D. The delay fluctuation 6(t, X) is unknown.



Robustness to Time- and State-Dependent Delay
Perturbations

Assumptions

X = f(X,w) is forward-complete

X = f(X,r(X)) is L.e.s.



Theorem 10: 3 ¢y, ¢ >0, and 1, o, ( € Ko, and 8 € KL such that if

0.8, + 100 (1, + [V (£,6)] < er +a(lE])

then for all
I1(0) < ¢
it holds
II(¢t) < g (11(0),t), forallt>0
where
t t )
i) = |X(@)] +/ o™ (|U(0)]) do +/ U(9)2d0
t—D t—D—max{0,5(¢,X(t))}

t
- / U(0)%d0
t—D



Control of a DC Motor over a Network (1)

dajTit) = Qie(t)ia(t)
B0 iy i)
dchlit) = —air()+U (t=D=0(t,is(1),ia(t), (1))

i, 15 are field and armature currents and w is angular velocity.
Delay-free design (based on full-state linearization)

Ult) = 1/yx(=K1Z1(t) — K2Z5(t) — K3Z5(t) — )
Zi(t) = 0ia(t)? + cw(t)? — 0:—2 — cw?
Zy(t) = 20ia(t) (k — bia(t))
Z3(t) = 20(k—2bi.(t)) (—bia(t) + k — cig(t)w(t))
v = —=2cl(k—2bi,(t)) w(t)
a = 2cal (k—2bi,(t))ie(t)w(t) — 2b6 (3k — 4bi,(t)

—2cis()w(t)) (=bia(t) + k — cig(t)w(t))
—2c0 (k — 2biy(t)) ig(t)2w(t).



Control of a DC Motor over a Network (2)
Nominal delay: D=1

Delay Perturbation: 6 (¢,i,(t)) = 0.5i,(¢)? 4 0.2sin(t)? (solid). 6 (¢,i,(t)) =0
(dashed).

0.3

ig(t)

The field and armature currents with initial conditions i¢(0) = 0.1, i,(0) = 0.8.



Control of a DC Motor over a Network (2)

Nominal delay: D=1

Delay Perturbation: 6 (¢,i,(t)) = 0.5i,(¢)? 4 0.2sin(t)? (solid). 6 (¢,i,(t)) =0
(dashed).

t

Figure: The angular velocity and the field voltage. The initial conditions are w(0) = 1
and U(9) =0, —1 —6(0,4(0)) < 6 < 0.



For the Future

e Robust control for linear systems with constant input delays

Nonlinear systems with constant distributed input delays
e Nonlinear systems with more complex input dynamics

State-dependent delays that depend on delayed states

Input-dependent delays



Sampled-data and control over networks

(with lasson Karafyllis)



Sampled-data stabilization of LTI systems with input delay T,
measurement delay r, and sampling time T’

Theorem 11: Let | = integer {TTJFT} €Z and § =7+ r —IT. Suppose that

the matrix
T
exp(AT) <I+/ eXp(—As)dsBK)
0

has all of its eigenvalues inside the unit circle (guaranteed for suffic. small T). The
controller

u(t) = u;, te[iT,(i+1)T), i€Z"

with input applied with zero-order hold given by

I+1
u; = Kexp(A(r +7r))x(iT —r)+ K Z Q;Bu;_;, [difference eqn in u]

j=1

where

T
Q; = exp(AjT)/ exp(—As)ds, j=1,...,1
0

s
Q1 = exp(AlT)/ exp(As)ds
0

guarantees exp. stability in the supremum norm of x over [—r,0] and u over [—,0].



Nonlinear Predictor Fbk for Non-holonomic Unicycle Controlled
Over a Network with Arbitrarily Sparse Sampling

Let (for simplicity)

D = transmission delay in both directions = sampling time



Controller
o) = %(kl(P,Q,G)—i-QkQ(P,Q,@)), for teliD,(i+1)D)
w(t) = %kz(P,Q,G), for teliD,(i+1)D)

with transformation

P X cos (©) + Ysin (©)
Q = Xsin(©)—Ycos(0)

the exact predictor of (z,y,0)((i + 1)D)

X = (t—1)D / cos< (i—1)D )+/(s ) w(z)dz)ds
i—2)D

Yy = (t—1)D /- s1n( (t—1)D )—G—/(S : w(z)dz)ds
2)D




and the discontinuous sampled-data stabilizer designed for the delay-free case
QIY2, Q(2Q - PO) #0

2
M(PQ.0) = — %, Q=0,PO £0

2 (P +sgn(Q)|QIV?), Q(2Q - PO)#0
k2(P,Q,0) = — Pe? 007640

P2 + 02
P, 2Q = PO

Theorem 12: For any D > 0, the closed-loop system is globally asymptotically
stable at the origin. Moreover, z(t) = y(t) = 6(t) =0 for

Predictor allows stabilization based on states from two long sample periods ago.



Adaptive Control for Unknown Delay



Robustness to Delay Mismatch

The biggest open question in robustness of predictor feedbacks.

>
|

AX + BU(t — Dg—AD)

Ult) = K[eADOX(t)+ / A0 Br(9)as
Do

AD either positive or negative

Theorem 13: 36 > 0 s.t. VAD € (—6,0) the closed-loop system is exp. stable in
the sense of the state norm

v = (1o [ U<e>2de)m ,

where D = Dy + max{0, AD}.



Delay-Robustness of Predictor Feedback

LTI-ODE
plant

U(f) ——>{ uncertain delay |—>-




Delay-Adaptive Control

: LTI-ODE
uncertain dela >
Uut) —> y > plant —>
LTI-ODE
unknown dela >
Uty —> y > plant —>

Motivation: control of thermoacoustic instabilities in gas turbine combustors



ok

certainty equivalence
version of
predictor feedback

vo

transport PDE with
unknown
propagation speed 1/D

LTI-ODE
plant

X(t)

u(x,t)

Y

estimator of D




Update law

reg. regressor
error

p /l(l—i-x) wz,t) KePOrdy (AX(t) + Bu(0,t))
2 0

_D(t) = -7 1
dat 1+ Xt)TPX(t) + b/ (1 + 2)w(z, t)?dr
0

normalization

w(z,t) = u(z,t)— ﬁ(t)/ KeAﬁ(t)(zfy)Bu(y, t)dy — KeAJj(t)””X(t) .
0



Theorem 14: dR,p > 0 s.t.
T(f) < R[exp(pT(O)) — 1} (exp. growing class Koo glob. stab. bound)

where
T(t) = | X))+ /1 u(z,t)?dx + (D - D(t)) 2,
0

Furthermore, X (t),U(t) — 0.



—S

(6]
s ol

X(s) =

unstable X-29 aircraft
[Ens, Ozbay, Tannenbaum, 1992]
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X(s) = —5=U(s)
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Simulations by
Delphine Bresch-Pietri
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Simulations by

Delphine Bresch-Pietri
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0-1 sec The delay precludes any influence of the control on the plant, so
X (t) shows an exponential open-loop growth.

1-3 sec The plant starts responding to the control and its evolution changes
qualitatively, resulting also in a qualitative change of the control signal.

3-4 sec When the estimation of ﬁ(t) ends at about 3 seconds, the controller
structure becomes linear. However, due to the delay, the plant state X (¢)
continues to evolve based on the inputs from 1 second earlier, so, a
non-monotonic transient continues until about 4 seconds.

4 sec and onwards The (X, U) system is linear and the delay is sufficiently
well compensated, so the response of X (¢) and U(t) shows a monotonically
decaying exponential trend of a first order system.



